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The sections of the Weyl group
Moshe Adrian
Queens College, CUNY
Abstract
We compute all sections of the finite Weyl group, that satisfy the braid relations, in the case that
G is an almost-simple connected reductive group defined over an algebraically closed field. We then
demonstrate that this set of sections has an interesting partially ordered structure, and also give some
applications.
1 Introduction
Let G be a connected reductive algebraic group over an algebraically closed field F . Let T be a maximal
torus in G, and let W = N/T denote the associated Weyl group, where N denotes the normalizer of T in G.
Let ∆ be a set of simple roots of T in G, and if α ∈ ∆, let sα ∈W be the simple reflection associated to α.
In [Tit66], Tits canonically defined a section of the map π : N → W , which satisfies the braid relations.
This section, which we denote N◦, has been used extensively (for recent examples, see [Lus17, AH17, Ros16]),
and we write σα = N◦(sα). In this work, we determine all sections of π : N → W , that satisfy the braid
relations, in the case that G is almost-simple (we also sometimes refer to such a section as a “a section of
W”). To be more precise, let S : W → N be a section (for the rest of the paper, this means both that
π◦S = 1 and that S satisfies the braid relations). Equivalently, S satisfies the braid relations when restricted
to a set of simple reflections. If α ∈ ∆, then S(sα) = tασα for some tα ∈ T . The braid relations then impose
a set of conditions on the collection {tα}α∈∆. We compute these conditions explicitly for each type, thereby
determining all sections of π.
For example, let G be of type G2, and fix the simple system given by α = e1 − e2, β = −2e1 + e2 + e3.
Since G2 is simply connected, the cocharacter lattice is spanned by the set of coroots, so we may write
tα = α
∨(a)β∨(b), tβ = α
∨(c)β∨(d) for some a, b, c, d ∈ F . The braid relation for the pair tασα, tβσα
simplifies to
tαsα(tβ)sαsβ(tα)sαsβsα(tβ)sαsβsαsβ(tα)sαsβsαsβsα(tβ)
= tβsβ(tα)sβsα(tβ)sβsαsβ(tα)sβsαsβsα(tβ)sβsαsβsαsβ(tα).
One may compute that the above equality is equivalent to c2 = b2 = 1. Therefore, the sections of W for
G2 are those whose action on sα, sβ are given by S(sα) = tασα,S(sβ) = tβσβ , where tα = α∨(a)β∨(b), tβ =
α∨(c)β∨(d), and b2 = c2 = 1.
We then interpret the set of sections in the following way. Let S be a section. If α ∈ ∆, we denote the
order of S(sα) by o(S(sα)). We define a partial order on the set of sections as follows: First, if S,S
′ are two
sections (for G), we say that S = S ′ if o(S ′(sα)) = o(S(sα)) for all α ∈ ∆. We sometimes refer to a “class of
sections” using this notion of equality. We then write that S ′ < S if o(S ′(sα)) < o(S(sα)) for all α ∈ ∆. In
particular, S is “more homomorphic” than S ′. We show that for each G, there is a unique maximal element
with respect to this partial ordering. We call any representative of this maximal element an optimal section,
and we say that such a section is a “most homomorphic” section. Finally, for any section, we associate to it
a labeled Dynkin diagram in the following way: given a simple root α, we label its associated node in the
Dynkin diagram by o(S(sα)).
For example, we again consider G of type G2, and let S be a section of W . Then S(sα) = tασα,S(sβ) =
tβσβ have either order 2 or 4. Moreover, one can compute that tασα has order 2 if and only if b = −1,
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and tβσβ has order 2 if and only if c = −1. The Hasse diagram of the ensuing partially ordered set then
has four vertices and is in the shape of a diamond, with the unique maximal element being order 2 on the
lifts of sα and sβ (hence in particular an embedding of W ). To give an example regarding the labeling of
the Dynkin diagram, the section which is order 2 on tαsα and order 4 on tβsβ would be represented by the
labeled Dynkin diagram that has the number 2 on the α node and the number 4 on the β node.
Finally, we present some applications of our results. Let H be a subgroup of W . Let us say that H lifts
if there is a homomorphic embedding of ι : H →֒ N that is compatible with π : N → W ; that is, such that
π ◦ ι = 1. Various papers have studied the question of whether W lifts; see, for example [AH17, CWW74].
This question is equivalent to asking whether there is a section of π such that the lifts of all simple reflections
have order two. Our computations (and in particular, a quick glance at §5) show exactly which groups satisfy
this condition.
On the other hand, it might be interesting to know whether other subgroups of W lift. For example,
in [Adr18], in order to determine whether the Kottwitz homomorphism for p-adic groups splits (i.e. has a
homomorphic section), it was necessary to know whether a certain subgroup of W , which we call J (which
is isomorphic to the fundamental group of G), lifts. We attempted to show that N◦ exhibits a lifting of J ,
but this turned out to not be true in a small number of cases. We were still nonetheless able to prove that
J still lifts in those cases, in a roundabout way. The current paper grew out of an attempt to show that
there is a more natural lifting of J than the one we presented in [Adr18], thereby providing a more natural
splitting of the Kottwitz homomorphism (see Theorem 4.7). In particular, in §4, we prove that if S is an
optimal section, then S exhibits a lifting of J .
The paper is organized as follows. In §2, we recall the basic notions about sections of the Weyl group,
as well as Tits’ section. In §3, we explicitly compute and describe all sections of the Weyl group in types A
through G. In §4, we give our application to the Kottwitz homomorphism, and the lifting of J . Finally, in
§5, we present a table which shows all classes of sections for each type.
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2 Preliminaries
We first remind the reader of the definition of Tits’ section from [Tit66], as well as some generalities about
general sections. We follow [Spr98, §8.1, §9.3] closely. Let G be a connected reductive group over an
algebraically closed field F , let T be a maximal torus in G, and let Φ be the associated set of roots. For
each α ∈ Φ, let sα denote the associated reflection in the Weyl group W = N/T .
Proposition 2.1. [Spr98, Proposition 8.1.1]
1. For α ∈ Φ there exists an isomorphism uα of Ga onto a unique closed subgroup Uα of G such that
tuα(x)t
−1 = uα(α(t)x) (t ∈ T, x ∈ F ).
2. T and the Uα (α ∈ Φ) generate G.
Tits then defines a representative σα, of sα, in N :
Lemma 2.2. [Spr98, Lemma 8.1.4]
1. The uα may be chosen such that for all α ∈ Φ,
σα = uα(1)u−α(−1)uα(1)
lies in N and has image sα in W . For x ∈ F×, we have
uα(x)u−α(−x
−1)uα(x) = α
∨(x)σα;
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2. σ2α = α
∨(−1) and σ−α = σ−1α ;
3. If u ∈ Uα − {1} there is a unique u′ ∈ U−α − {1} such that uu′u ∈ N ;
4. If (u′α)α∈Φ is a second family with the property (1) of Proposition 2.1 and property (1) of Lemma 2.2,
there exist cα ∈ F× such that
u′α(x) = uα(cαx), cαc−α = 1 (α ∈ Φ, x ∈ F ).
A family (uα)α∈Φ with the properties (1) of Proposition 2.1 and Lemma 2.2 is called a realization of the
root system Φ in G (see [Spr98, §8.1]).
If Φ+ ⊂ Φ is a system of positive roots and S is the associated set of simple reflections, we have:
Proposition 2.3. [Spr98, Proposition 8.3.3] Let µ be a map of S into a multiplicative monoid with the
property: if s, t ∈ S, s 6= t, then
µ(s)µ(t)µ(s) · · · = µ(t)µ(s)µ(t) · · · ,
where in both sides the number of factors is m(s, t). Then there exists a unique extension of µ to W such
that if s1 · · · sh is a reduced decomposition for w ∈W , we have
µ(w) = µ(s1) · · ·µ(sh).
We now fix a realization (uα)α∈Φ of Φ in G. Let α, β ∈ Φ be linearly independent. We denote m(α, β)
the order of sαsβ . Then m(α, β) equals one of the integers 2, 3, 4, 6.
Proposition 2.4. [Spr98, Proposition 9.3.2] Assume that α and β are simple roots, relative to some system
of positive roots. Then
σασβσα · · · = σβσασβ · · · ,
the number of factors on either side being m(α, β).
Following [Spr98, §9.3.3], we fix a set of positive roots Φ+ ⊂ Φ, and let ∆ be the associated set of
simple roots. Let w = sα1 · · · sαh be a reduced expression for w ∈ W , with α1, ..., αh ∈ ∆. The element
N◦(w) := σα1 · · ·σαh is independent of the choice of reduced expression of w. We therefore obtain a section
N◦ :W → N of the homomorphism N →W . This is the section of Tits [Tit66].
3 The sections of the Weyl group for almost-simple groups
In this section, we compute all sections of the Weyl group. Since the computations are quite lengthy, we
only include some details in types An and exceptional groups. The details which we include illustrate all
possible sorts of computations that arise in all types.
Our method is as follows. By Proposition 2.3, any section S of W is determined by its values on a set of
simple reflections. Thus, let ∆ be a set of simple roots. If α ∈ ∆, let sα ∈ W denote the associated simple
reflection. Then S(sα) = tασα for some tα ∈ T .
Let α, β ∈ ∆. In order that tασα and tβσβ satisfy the braid relations, it is necessary and sufficient that
tασαtβσβtασα · · · = tβσβtασαtβσβ · · · , (1)
where in both sides the number of factors is m(α, β). As σαtβσ
−1
α = sα(tβ), and since the σ satisfy the braid
relations, (1) is equivalent to
tαsα(tβ)sαsβ(tα) · · · = tβsβ(tα)sβsα(tβ) · · · . (2)
Letting ∆ = {α1, α2, ..., αn}, we set ti = tαi and si = sαi for i = 1, 2, ..., n. We choose a basis λ1, λ2, ..., λn
of X∗(T ), and then write the ti in terms of this basis. We write ti = (ai,1, ai,2, ..., ai,n) to denote the element
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λ1(ai,1)λ2(ai,2) · · ·λn(ai,n). We then explicitly compute the equations (2) for each pair of simple roots α, β
in ∆ in terms of our explicit coordinates for tα, tβ. These equations impose strict conditions on the ai,j ,
eventually yielding all possible sections.
In what follows, our choice for ∆ will always be the convention in the “Plates” at the end of [Bou02]. Our
choice of basis for X∗(T ) is as follows: if G is simply connected and not adjoint, we always choose the basis
λ1, ..., λn consisting of the standard set of simple coroots. If G is adjoint and not simply connected, we always
choose the basis consisting of the standard set of fundamental coweights (which we denote ω1, ω2, ..., ωn) as
in [Bou02]. If G is both simply connected and adjoint, we always choose our basis to be the standard set of
simple coroots. If G is neither simply connected nor adjoint, we define a basis case by case.
In types An through Dn, we will restrict ourselves first to the case n ≥ 6, since some low rank cases
yield different results. We then carry out all computations in the low rank cases; the results for low rank are
contained in §6, but we do not include the computations (since they can easily be carried out by hand).
3.1 Type A
n
3.1.1 Simply connected type
We fix the standard set of roots α1 = e1 − e2, ..., αn−1 = en−1 − en, αn = en − en+1. We recall that
m(αi, αi+1) = 3 if i = 1, ..., n− 1, and otherwise the m terms equal 2. Suppose that G is simply connected.
Then the set of simple coroots form a basis for the cocharacter lattice. As such, we may write an element
of the corresponding maximal torus in terms of this basis, which we henceforth do. For example, the tuple
(x1, x2, ..., xn) will denote the element
(e1 − e2)
∨(x1)(e2 − e3)
∨(x2) · · · (en−2 − en−1)
∨(xn−2)(en−1 − en)
∨(xn−1)(en − en+1)
∨(xn).
Suppose that n ≥ 6. A lengthy computation shows that the m(α, β) = 3 equations yield that the ti are
of the form
• t1 = (a1,1, a1,2, ..., a1,n)
• t2 = (a
−1
1,2a1,3, a2,2, a1,3, a1,4, ..., a1,n)
• t3 = (a
−1
1,2a1,3, a
−1
1,2a1,4, a3,3, a1,4, a1,5, ..., a1,n)
• t4 = (a
−1
1,2a1,3, a
−1
1,2a1,4, a
−1
1,2a1,5, a4,4, a1,5, a1,6, ..., a1,n)
• ...
• tn−3 = (a
−1
1,2a1,3, a
−1
1,2a1,4, a
−1
1,2a1,5, ..., a
−1
1,2a1,n−2, an−3,n−3, a1,n−2, a1,n−1, a1,n)
• tn−2 = (a
−1
1,2a1,3, a
−1
1,2a1,4, a
−1
1,2a1,5, ..., a
−1
1,2a1,n−2, a
−1
1,2a1,n−1, an−2,n−2, a1,n−1, a1,n)
• tn−1 = (a
−1
1,2a1,3, a
−1
1,2a1,4, a
−1
1,2a1,5, ..., a
−1
1,2a1,n−2, a
−1
1,2a1,n−1, a
−1
1,2a1,n, an−1,n−1, a1,n)
• tn = (a
−1
1,2a1,3, a
−1
1,2a1,4, a
−1
1,2a1,5, ..., a
−1
1,2a1,n−2, a
−1
1,2a1,n−1, a
−1
1,2a1,n, a
−1
1,2, a1,n)
for some ai,j ∈ F . Turning to the m(α, β) = 2 equations, it turns out that most of them are redundant.
Those that play a role are those coming from m(α1, αj), with j = 3, 4, ..., n, yielding the conditions
• a1,2a1,4 = a
2
1,3
• a1,3a1,5 = a21,4
• ...
• a1,n−2a1,n = a21,n−1
• a1,n−1 = a21,n
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We remark again that we have omitted writing the many of the m(α, β) = 2 equations above, since they end
up being redundant. Setting a1,n = a, altogether we deduce
• t1 = (a1,1, an−1, an−2, ..., a)
• t2 = (a−1, a2,2, an−2, an−3, ..., a)
• t3 = (a−1, a−2, a3,3, an−3, an−4, ..., a)
• t4 = (a
−1, a−2, a−3, a4,4, a
n−4, an−5, ..., a)
• ...
• tn−2 = (a−1, a−2, ..., a−(n−3), an−2,n−2, a2, a)
• tn−1 = (a
−1, a−2, ..., a−(n−3), a−(n−2), an−1,n−1, a)
• tn = (a−1, a−2, ..., a−(n−3), a−(n−2), a−(n−1), an,n).
There are now two cases to consider. Suppose that n is odd. It is straightforward to see that (tiσi)
2 6= 1
for all i = 1, 2, ..., n. For example,
(t2σ2)
2 = t2σ2t2σ
−1
2 σ
2
2 = t2sα2(t2)α
∨
2 (−1)
= (a−1, a2,2, a
n−2, an−3, ..., a2, a)(a−1, an−3a−12,2, a
n−2, an−3, ..., a)(1,−1, 1, ..., 1)
= (a−2,−an−3, a2n−4, a2n−6, ..., a4, a2),
which cannot equal (1, 1, ..., 1) since this would imply that a2 = 1 and an−3 = −1 (but recall that n is odd).
If, on the other hand, n is even, then one can check that if a = −1, then (tiσi)2 = 1 ∀i.
Generalizing the previous computation, we conclude
Proposition 3.1. Let n be odd. Then for every m ∈ N, there is a section of the Weyl group such that
the lift of every si is order 4m. This section is given by setting a to be a primitive 2m
th root of unity. In
particular, the Tits section is optimal. Moreover, N◦(si)
2 6= 1 ∀i = 1, 2, ..., n.
Let n be even. Then for every m ∈ N, there is a section of the Weyl group such that the lift of every si
is order 2m. For m odd, such a section is obtained by taking a to be a primitive 2mth root of unity. For m
even, such a section is obtained by taking a to be a primitive mth root of unity. In particular, the section
given by S(si) = tiσi by setting a = −1, is an optimal section (in fact an embedding).
3.1.2 Neither simply connected nor adjoint type
Recall that the isogenies of type An are in one to one correspondence with the subgroups of Z/(n + 1)Z.
Let a, b ∈ N such that n+ 1 = ab, and let
ωa =
1
n+ 1
[(n+ 1− a)(α1 + 2α2 + ...+ (a− 1)αa−1) + a((n+ 1− a)αa + (n− a)αa+1 + ...+ αn)]
be the standard fundamental coweight corresponding to the integer a. Then each isogeny that is neither
simply connected nor adjoint has cocharacter lattice given by X∗(T ) = 〈Q∨, ωa〉 for a positive integer a such
that a divides n+ 1, a 6= 1, and a 6= n+ 1, and Q∨ is the coroot lattice. Then, a basis for this cocharacter
lattice is given by
λ1 = α
∨
1 , λ2 = α
∨
2 , ..., λn−1 = α
∨
n−1, λn = ωa
Indeed (and we will need this calculation soon),
α∨n = bωa− (b− 1)α
∨
1 − 2(b− 1)α
∨
2 − ...− a(b− 1)α
∨
a − (n− a)α
∨
a+1 − (n− a− 1)α
∨
a+2− ...− 3α
∨
n−2− 2α
∨
n−1.
We continue to write an element of the torus in terms of the above basis. For example, the tuple
(x1, x2, ..., xn) denotes the element λ1(x1)λ2(x2) · · ·λn(xn). We record the following actions: si(λj) = λj ∀i, j
except in the following cases:
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• si(λi) = −λi ∀i = 1, 2, ..., n− 1
• si(λn) = λn ∀i 6= a
• sa(λn) = λn − λa
• si(λi+1) = λi + λi+1 for i = 1, 2, ..., n− 2
• si+1(λi) = λi + λi+1 for i = 1, 2, ..., n− 2
• sn(λn−1) = αn−1 + αn = λn−1 + bλn − (b− 1)λ1 − (2b− 2)λ2 − ...− a(b− 1)λa − (n− a)λa+1 − (n−
a− 1)λa+2 − ...− 3λn−2 − 2λn−1.
After a long set of computations, the m(α, β) conditions give
• t1 = (a1,1, xa−2, xa−3, ..., x, 1, 1, ..., 1, x)
• t2 = (x−1, a2,2, xa−3, xa−4, ..., x, 1, 1, ..., 1, x)
• t3 = (x−1, x−2, a3,3, xa−4, xa−5, ..., x, 1, 1, ..., 1, x)
• ...
• ta−3 = (x
−1, x−2, ..., x−(a−4), aa−3,a−3, x
2, x, 1, 1, ..., 1, x)
• ta−2 = (x
−1, x−2, ..., x−(a−4), x−(a−3), aa−2,a−2, x, 1, 1, ..., 1, x)
• ta−1 = (x
−1, x−2, ..., x−(a−4), x−(a−3), x−(a−2), aa−1,a−1, 1, 1, ..., 1, x)
• ta = (x−1, x−2, ...., x−(a−4), x−(a−3), x−(a−2), x−(a−1), aa,a, 1, 1, ..., 1, x)
• ta+1 = (x−1, x−2, ...., x−(a−4), x−(a−3), x−(a−2), x−(a−1), x−a, aa+1,a+1, 1, 1, ..., 1, x)
• ta+2 = (x−1, x−2, ...., x−(a−4), x−(a−3), x−(a−2), x−(a−1), x−a, x−a, aa+2,a+2, 1, 1, ..., 1, x)
• ...
• tn−2 = (x−1, x−2, ...., x−(a−4), x−(a−3), x−(a−2), x−(a−1), x−a, x−a, x−a, ..., x−a, an−2,n−2, 1, x)
• tn−1 = (x−1, x−2, ...., x−(a−4), x−(a−3), x−(a−2), x−(a−1), x−a, x−a, x−a, ..., x−a, an−1,n−1, x)
• tn = (x−1yb−1, x−2y2(b−1), ..., x−(a−1)y(a−1)(b−1), x−aya(b−1), x−ayn−a, x−ayn−a−1, ..., x−ay4, an,n−2, an,n−1, xy−b)
where y = an,n−2a
−1
n,n−1 and a
3
n,n−1x
a = a2n,n−2.
We remark that the relations that come from the m(λ1, λ2) = 3 case are slightly different in the cases
a 6= 2 and a = 2. However, this difference results in the same above formulas for ti. Moreover, to be clear,
we emphasize that if a = 2, then t1 = (a1,1, 1, 1, ..., 1, x), t2 = (x
−1, a2,2, 1, 1, ..., 1, x), etc.
We now seek to understand the orders of tiσi. Recalling that tiσi must have even order, we begin by
computing that
(t1σ1)
2 = t1s1(t1)σ
2
1 = t1s1(t1)α
∨
1 (−1)
= (a1,1, x
a−2, xa−3, ..., x, 1, 1, ..., 1, x) · (a−11,1x
a−2, xa−2, xa−3, ..., x, 1, 1, ..., 1, x)(−1, 1, 1, ..., 1)
= (−xa−2, x2(a−2), x2(a−3), ..., x2, 1, 1, ..., 1, x2),
which we note is trivial if and only if x = −1 and a is odd. Similar computations yield that if i = 2, 3, ..., n−1,
then (tiσi)
2 = 1 if and only if a is odd and x = −1.
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Lastly, a computation shows that
(tnσn)
2 = tnsn(tn)α
∨
n(−1)
= (x−2xa(b−1), x−4x2a(b−1), ..., x−2(a−1)x(a−1)a(b−1), x−2axa
2(b−1), x−2axa(n−a), x−2axa(n−a−1), x−2axa(n−a−2),
..., x−2ax4a, xa, 1, x2x−ab)α∨n(−1).
As discussed earlier, we have that α∨n = bωa− (b− 1)α
∨
1 − 2(b− 1)α
∨
2 − ...− a(b− 1)α
∨
a − (n− a)α
∨
a+1− (n−
a− 1)α∨a+2 − ...− 3α
∨
n−2 − 2α
∨
n−1. Therefore,
(tnσn)
2
= ((−1)−(b−1)x−2xa(b−1), (−1)−2(b−1)x−4x2a(b−1), ..., (−1)−a(b−1)x−2axa
2(b−1), (−1)−(n−a)x−2axa(n−a),
(−1)−(n−a−1)x−2axa(n−a−1), (−1)−(n−a−2)x−2axa(n−a−2), ..., (−1)−4x−2ax4a, (−1)−3xa, (−1)−2, (−1)bx2x−ab).
Considering the third to last entry, we require xa = −1 in order for (tnσn)2 to be trivial. We may
conclude that (tnσn)
2 = 1 if and only if a is odd and x = −1.
Generalizing the previous computations, we conclude
Proposition 3.2. If a is even and m ∈ N, there is a section S such that S(si) has order 4m for all i. This
section is given by setting x to be a primitive 2mth root of unity. In particular, the Tits section is optimal,
and N◦(si)2 6= 1 ∀i.
If a is odd and m ∈ N, there is a section S such that S(si) has order 2m for all i. For m odd, it is
obtained by taking x to be a primitive 2mth root of unity. For m even, we take a to be a primitive mth root
of unity. In particular, any section given by S(sαi ) = tiσi where x = −1, is an optimal section (in fact an
embedding).
3.1.3 Adjoint type
We fix the standard set of fundamental coweights ω1, ω2, ..., ωn from [Bou02, Plate I]. Suppose that G is
adjoint. Then the set of fundamental coweights form a basis for the cocharacter lattice. As such, we
may write an element of the torus in terms of this basis, which we henceforth do. For example, the tuple
(x1, x2, ..., xn) denotes the element ω1(x1)ω2(x2) · · ·ωn(xn). We record the following actions: si(ωj) =
ωj ∀i 6= j, s1(ω1) = ω2 − ω1, si(ωi) = ωi−1 + ωi+1 − ωi ∀i = 2, 3, ..., n− 1, sn(ωn) = ωn−1 − ωn.
The m(α, β) = 2 equations imply that
• t1 = (a1,1, a1,2, 1, 1, ..., 1)
• t2 = (a2,1, a2,2, a2,3, 1, 1, ..., 1)
• t3 = (1, a3,2, a3,3, a3,4, 1, 1, ..., 1)
• t4 = (1, 1, a4,3, a4,4, a4,5, 1, 1, ..., 1)
• ...
• tn−2 = (1, 1, ..., 1, an−2,n−3, an−2,n−2, an−2,n−1, 1)
• tn−1 = (1, 1, ..., 1, an−1,n−2, an−1,n−1, an−1,n)
• tn = (1, 1, ..., 1, an−1,n, an,n)
Turning to the m(α, β) = 3 equations, it turns out that some of them are redundant. Those that play a role
are
• a2i,i−1a
2
i−1,iai,iai−1,i−1 = 1 for i = 2, 3, ..., n.
• ai,i+2 = ai+1,iai+1,i+1ai+1,i+2 for i = 1, 2, ..., n− 2.
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• ai+2,i = ai+1,iai+1,i+1ai+1,i+2 for i = 1, 2, ..., n− 2.
Altogether, we deduce that
• t1 = (a1,1, a1,2, 1, 1, ..., 1)
• t2 = (a
−1
2,2a
−1
2,3, a2,2, a2,3, 1, 1, ..., 1)
• t3 = (1, a
−1
3,3a
−1
3,4, a3,3, a3,4, 1, 1, ..., 1)
• t4 = (1, 1, a
−1
4,4a
−1
4,5, a4,4, a4,5, 1, 1, ..., 1)
• ...
• tn−2 = (1, 1, ..., 1, a
−1
n−2,n−2a
−1
n−2,n−1, an−2,n−2, an−2,n−1, 1)
• tn−1 = (1, 1, ..., 1, a
−1
n−1,n−1a
−1
n−1,n, an−1,n−1, an−1,n)
• tn = (1, 1, ..., 1, an,n−1, an,n)
together with the conditions that
• a1,1a21,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n = a
−1
n,na
−2
n,n−1
We now seek to understand the orders of tiσi. We compute for example that
(t1σ1)
2 = t1s1(t1)σ
2
1 = t1s1(t1)α
∨
1 (−1) = (a1,1, a1,2, 1, 1, ..., 1)(a
−1
1,1, a1,1a1,2, 1, 1, ..., 1)α
∨
1 (−1).
To compute α∨1 (−1) in terms of the fundamental coweights, write α
∨
1 (−1) = ω1(z1)ω2(z2) · · ·ωn(zn). Ap-
plying αi to both sides of this equation, as i varies, we deduce that zi = 1 ∀i 6= 2 and z2 = −1. In other
words,
(t1σ1)
2 = (1,−a1,1, a
2
1,2, 1, 1, ..., 1).
Similar computations imply that
• (t2σ2)2 = (−a
−1
2,2a
−2
2,3, 1,−a2,2a
2
2,3, 1, 1, ..., 1)
• (t3σ3)2 = (1,−a
−1
3,3a
−2
3,4, 1,−a3,3a
2
3,4, 1, 1, ..., 1)
• ...
• (tn−1σn−1)
2 = (1, 1, ..., 1,−a−1n−1,n−1a
−2
n−1,n, 1,−an−1,n−1a
2
n−1,n)
• (tnσn)2 = (1, 1, ..., 1,−an,na2n,n−1, 1)
Recalling the conditions
a1,1a
2
1,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n = a
−1
n,na
−2
n,n−1,
we conclude that if the condition a1,1a
2
1,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n =
an,na
2
n,n−1 = −1 is satisfied, then we obtain an optimal section, in fact an embedding. We have therefore
proven
Proposition 3.3. For each m ∈ N, there is a section of the Weyl group such that the lift of every si has
order 2m. This section is obtained by choosing ai,j in any way that satisfy −a1,1a
2
1,2 = −a2,2a
2
2,3 = ... =
−an−1,n−1a2n−1,n = −an,na
2
n,n−1 to be a primtitive m
th root of unity.
In particular, any section given by S(sαi) = tiσi where a1,1a
2
1,2 = a2,2a
2
2,3 = ... = an−1,n−1a
2
n−1,n =
an,na
2
n,n−1 = −1, is an optimal section (in fact an embedding), whereas the Tits section is not. We note
that N◦(si)2 6= 1 ∀i.
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3.2 Type B
n
3.2.1 Simply connected type
We fix the standard set of roots α1 = e1 − e2, ..., αn−1 = en−1 − en, αn = en. We may use the same
methodology to compute the sections satisfying the braid relations as in the simply connected type An case,
so we omit some of the details. If n ≥ 6, the result is that the m(·, ·) conditions yield
• t1 = (a1,1, 1, 1, 1, 1, ..., 1, a)
• t2 = (1, a2,2, 1, 1, .., 1, a)
• ...
• tn−1 = (1, 1, 1, 1, ..., 1, 1, 1, 1, an−1,n−1, a)
• tn = (an,1, 1, an,1, 1, ..., bn, an,n),
together with the condition that a2n,1 = 1 and a
2 = 1. Here, bn equals an,1 if n is even, and bn = 1 if n is
odd.
It is straightforward to see that (tiσi)
2 6= 1 if 1 ≤ i < n. In the case that n is even, we note that
(tnσn)
2 = (1, 1, ..., 1,−an,1),
whereas if n is odd, we note that
(tnσn)
2 = (1, 1, ..., 1,−1).
Therefore, we obtain
Proposition 3.4. If n is even, there are two classes of sections. The first one satisfies that the lift of every
si, for i = 1, 2, ..., n− 1 is order 4 and that the lift of sn is order 2. This section may be obtained by setting
an,1 = −1, and requiring that a2 = 1. The second class is given by the Tits section, in which the lifts of all
si are order 4.
If n is odd, there is only one class of sections, represented by the Tits section. Moreover, the Tits section
satisfies that all lifts of si are order 4.
3.2.2 Adjoint type
We fix the standard set of fundamental coweights ω1, ω2, ..., ωn from [Bou02]. We record the following
actions: si(ωj) = ωj ∀i 6= j, s1(ω1) = ω2 − ω1, si(ωi) = ωi−1 + ωi+1 − ωi ∀i = 2, 3, ..., n − 2, sn−1(ωn−1) =
ωn−2 + ωn − ωn−1, sn(ωn) = 2ωn−1 − ωn.
Suppose n ≥ 6. A lengthy computation shows that
• t1 = (a1,1, a1,2, 1, 1, ..., 1, a1,n)
• t2 = (a
−1
2,2a
−1
2,3, a2,2, a2,3, 1, 1, ..., 1, a2,n)
• t3 = (1, a
−1
3,3a
−1
3,4, a3,3, a3,4, 1, 1, ..., 1, a3,n)
• ...
• tn−2 = (1, 1, ..., 1, a
−1
n−2,n−2a
−1
n−2,n−1, an−2,n−2, an−2,n−1, an−1,n−2an−1,n−1an−1,n)
• tn−1 = (1, 1, ..., 1, an−1,n−2, an−1,n−1, an−1,n)
• tn = (1, 1, ..., 1, an,n−1, an,n)
together with the conditions that
• a21,n = a
2
2,n = a
2
3,n = ... = a
2
n−2,n = 1
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• a1,1a21,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = a
−1
n−1,n−1a
−2
n−1,n−2
• a4n−1,na
2
n−1,n−1 = 1
• a2n,n−1a
2
n,n = 1.
We have, for example, that
(tn−1σn−1)
2 = (1, 1, ..., 1,−a2n−1,n−2an−1,n−1, 1,−a
−2
n−1,n−2a
−1
n−1,n−1).
A computation, noting that an−1,n−1a
2
n−1,n−2 = ±1, then shows
Proposition 3.5. There are two classes of sections, given as follows. Any section S given by S(sαi) = tiσi
where
a1,1a
2
1,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n−2 = −1,
a4n−1,na
2
n−1,n−1 = 1, a
2
n,n−1a
2
n,n = 1, and a
2
1,n = a
2
2,n = a
2
3,n = ... = a
2
n−2,n = 1, is an optimal section, in
fact an embedding, whereas the Tits section is not. We note that N◦(si)2 6= 1 ∀i = 1, 2, ..., n− 1, whereas
N◦(sn)2 = 1. Moreover, one can compute that any section evaluated on sn has order 2.
3.3 Type C
n
3.3.1 Simply Connected Type
We fix the standard set of roots α1 = e1 − e2, ..., αn−1 = en−1 − en, αn = 2en. Suppose n ≥ 6. A lengthy
computation shows that if n is even, we get
• t1 = (a1,1, b, a, b, a, ..., b, a, b)
• t2 = (ab, a2,2, a, b, a, b, ..., a, b)
• t3 = (ab, 1, a3,3, b, a, b, ..., a, b)
• t4 = (ab, 1, ab, a4,4, a, b, a, ..., b, a, b)
• t5 = (ab, 1, ab, 1, a5,5, b, a, b, ..., a, b) ...
• tn−2 = (ab, 1, ab, 1, ..., ab, 1, ab, an−2,n−2, a, b)
• tn−1 = (ab, 1, ab, 1, ..., ab, 1, ab, 1, an−1,n−1, b)
• tn = (c, 1, c, 1, ..., c, an,n),
together with the condition that c2 = 1 and a2 = b2 = 1.
If n is odd, we get
• t1 = (a1,1, a, b, a, ..., b, a, b)
• t2 = (ab, a2,2, b, a, b, ..., a, b)
• t3 = (ab, 1, a3,3, a, b, a, b, ..., a, b)
• t4 = (ab, 1, ab, a4,4, b, a, b, a, ..., b, a, b)
• t5 = (ab, 1, ab, 1, a5,5, a, b, a, b, ..., a, b)
• ...
• tn−2 = (ab, 1, ab, 1, ..., ab, 1, an−2,n−2, a, b)
• tn−1 = (ab, 1, ab, 1, ..., ab, 1, ab, an−1,n−1, b)
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• tn = (c, 1, c, 1, ..., c, 1, an,n),
together with the condition that c2 = 1 and a2 = b2 = 1.
One may now compute
Proposition 3.6. If n is even, then the section given by S(sαi) = tiσi where b = −1 and a
2 = c2 = 1
is an optimal section, whereas the Tits section is not. If n is odd, then the section given by S(sαi) = tiσi
where a = −1 and b2 = c2 = 1 is an optimal section, whereas the Tits section is not. In both cases,
S(si)2 = 1 ∀i = 1, 2, ..., n− 1, and S(sn)2 6= 1. Moreover, one can compute that N◦(si)2 6= 1 ∀i in both cases
(n even and n odd). If n is even or odd, there are only two classes of sections.
3.3.2 Adjoint type
We fix the standard set of fundamental coweights ω1, ω2, ..., ωn from [Bou02]. We record the following
actions: si(ωj) = ωj ∀i 6= j, s1(ω1) = ω2 − ω1, si(ωi) = ωi−1 + ωi+1 − ωi ∀i = 2, 3, ..., n − 2, sn−1(ωn−1) =
ωn−2 + 2ωn − ωn−1, sn(ωn) = ωn−1 − ωn.
Suppose n ≥ 6. A lengthy computation shows that
• t1 = (a1,1, a1,2, 1, 1, ..., 1)
• t2 = (a
−1
2,2a
−1
2,3, a2,2, a2,3, 1, 1, ..., 1)
• t3 = (1, a
−1
3,3a
−1
3,4, a3,3, a3,4, 1, 1, ..., 1)
• t4 = (1, 1, a
−1
4,4a
−1
4,5, a4,4, a4,5, 1, 1, ..., 1)
• ...
• tn−2 = (1, 1, ..., 1, a
−1
n−2,n−2a
−1
n−2,n−1, an−2,n−2, an−2,n−1, 1)
• tn−1 = (1, 1, ..., 1, an−1,n−2, an−1,n−1, a
−2
n−1,n−2a
−2
n−1,n−1)
• tn = (1, 1, ..., 1, an,n−1, a
−2
n,n−1)
together with the conditions that
• a1,1a21,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n−2
• (an−1,n−1a2n−1,n−2)
2 = 1
After computations, one may conclude
Proposition 3.7. Any section given by S(sαi) = tiσi where
a1,1a
2
1,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n−2 = −1,
is an optimal section, whereas the Tits section is not. Moreover, S(si)
2 = 1 ∀i = 1, 2, ..., n − 1, and
S(sn)2 6= 1. We also note that N◦(si)2 6= 1 ∀i = 1, 2, ..., n. There are only two classes of sections.
3.4 Type D
n
Let ω1, ωn−1, ωn be the fundamental coweights as in [Bou02, Plate IV]. These coweights may be used to
describe the non-simply connected, non-adjoint groups of type Dn. In particular, the cocharacter lattices of
these isogenies are 〈Q∨, ω1〉, 〈Q∨, ωn−1〉, and 〈Q∨, ωn〉. If n is odd, the only such isogeny, up to isomorphism,
is that given by ω1. Thus, in considering the isogenies given by ωn−1 and ωn, we may assume that n is even.
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3.4.1 Simply connected type
We fix the standard set of roots α1 = e1 − e2, ..., αn−1 = en−1 − en, αn = en−1 + en. Suppose n ≥ 6.
Suppose that n is even. A lengthy computation shows that
• t1 = (a1,1, 1, ab, 1, ab, ..., 1, a, b)
• t2 = (ab, a2,2, ab, 1, ab, 1, .., ab, 1, a, b)
• t3 = (ab, 1, a3,3, 1, ab, 1, ..., ab, 1, a, b)
• t4 = (ab, 1, ab, a4,4, ab, 1, ab, ..., 1, a, b)
• ...
• tn−3 = (ab, 1, ab, ..., 1, an−3,n−3, 1, a, b)
• tn−2 = (ab, 1, ab, 1, ..., ab, 1, ab, an−2,n−2, a, b)
• tn−1 = (ab, 1, ab, 1, ..., ab, 1, ab, 1, an−1,n−1, b)
• tn = (ab, 1, ab, 1, ..., ab, 1, ab, 1, a, an,n)
such that a2 = b2 = 1.
Suppose now that n is odd. A lengthy computation shows that
• t1 = (a1,1, 1, c2, 1, c2, ..., 1, c2, c−1, c)
• t2 = (c2, a2,2, c2, 1, c2, ..., 1, c2, c−1, c)
• t3 = (c2, 1, a3,3, 1, c2, ..., 1, c2, c−1, c)
• t4 = (c2, 1, c2, a4,4, c2, 1, c2, ..., 1, c2, c−1, c)
• ...
• tn−3 = (c2, 1, c2, ..., 1, c2, an−3,n−3, c2, c−1, c)
• tn−2 = (c2, 1, c2, ..., 1, c2, 1, an−2,n−2, c−1, c)
• tn−1 = (c2, 1, c2, ..., 1, c2, 1, c2, an−1,n−1, c)
• tn = (c
2, 1, c2, ..., 1, c2, c−1, an,n)
such that c4 = 1.
We may then conclude
Proposition 3.8. If n is even or odd, then the Tits section is optimal in the case of simply connected Dn.
Moreover, one can compute that for any section S, we have S(si)2 has order 4 for all i. Thus, there is only
one class of sections, represented by the Tits section.
3.4.2 Middle isogeny with fundamental coweight ω1
We consider the isogeny given by X∗(T ) = 〈Q
∨, ω1〉 where Q
∨ is the coroot lattice. Then, a basis for this
cocharacter lattice is given by
λ1 = α1 = α
∨
1 , λ2 = α
∨
2 , ..., λn−1 = α
∨
n−1, λn = ω1
Indeed (and we will need this calculation soon),
α∨n = αn = λn−1 + 2λn − 2(λ1 + λ2 + ...+ λn−1).
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We record the following actions: si(λj) = λj ∀i, j except in the following cases:
si(λi) = −λi ∀i = 1, 2, ..., n− 1
s1(λn) = λn − λ1
si(λi+1) = λi + λi+1 for i = 1, 2, ..., n− 2
si+1(λi) = λi + λi+1 for i = 1, 2, ..., n− 2
sn(λn−2) = −2(λ1 + λ2 + ....+ λn−3)− λn−2 − λn−1 + 2λn.
Let n be even. Then after a long set of computations, we obtain
• t1 = (a1,1, 1, x, 1, x, ..., 1, x, 1, x, y)
• t2 = (xy−1, a2,2, x, 1, x, ..., 1, x, 1, x, y)
• t3 = (xy−1, y−1, a3,3, 1, x, 1, ..., x, 1, x, 1, x, y)
• t4 = (xy−1, y−1, xy−1, a4,4, x, 1, x, .., 1, x, 1, x, y)
• ...
• tn−2 = (xy−1, y−1, xy−1, ..., y−1, xy−1, an−2,n−2, x, y)
• tn−1 = (xy−1, y−1, xy−1, ..., y−1, xy−1, y−1, an−1,n−1, y)
• tn = (xy−1z2, y−1z2, xy−1z2, ..., y−1z2, xy−1z2, y−1z2, xyz2, yz2, xz, yz−2)
such that x2 = y2 = 1, with no condition on z
Let n be odd. Then after a long set of computations, we get
• t1 = (a1,1, x, 1, x, ..., 1, x, 1, x, y)
• t2 = (xy−1, a2,2, 1, x, ..., 1, x, 1, x, y)
• t3 = (xy−1, y−1, a3,3, x, 1, ..., x, 1, x, 1, x, y)
• t4 = (xy−1, y−1, xy−1, a4,4, 1, x, .., 1, x, 1, x, y)
• ...
• tn−2 = (xy−1, y−1, xy−1, ..., y−1, an−2,n−2, x, y)
• tn−1 = (xy−1, y−1, xy−1, ..., y−1, xy−1, an−1,n−1, y)
• tn = (xy−1z2, y−1z2, xy−1z2, ..., y−1z2, xy−1z2, yz2, xyz2, xz, yz−2)
such that x2 = y2 = 1, with no condition on z. One can conclude
Proposition 3.9. If n is even, then any section given by S(sαi) = tiσi where x
2 = 1 and y = −1, is an
optimal section (in fact an embedding), whereas the Tits section is not. In fact, N◦(si)2 6= 1 ∀i = 1, 2, ..., n.
If n is odd, then any section given by S(sαi ) = tiσi where x
2 = y2 = 1 and xy = −1 is an optimal section
(in fact an embedding), whereas the Tits section is not. In fact, N◦(si)
2 6= 1 ∀i = 1, 2, ..., n.
If n is even or odd, there are two classes of sections.
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3.4.3 Middle isogeny with fundamental coweight ωn−1
We consider the isogeny given by X∗(T ) = 〈Q∨, ωn−1〉 where Q∨ is the coroot lattice. As mentioned earlier,
we may assume here that n is even. Then, a basis for this cocharacter lattice X∗(T ) = 〈Q∨, ωn−1〉 is given
by
λ1 = ωn−1, λ2 = α
∨
2 , ..., λn−1 = α
∨
n−1, λn = α
∨
n
Indeed (and we will need this calculation soon),
α∨1 = α1 = 2λ1 − 2λ2 − 3λ3 − 4λ4 − ...− (n− 1)λn−1 +
n− 2
2
(λn−1 − λn).
We record the following actions: si(λj) = λj ∀i, j except in the following cases:
si(λi) = −λi ∀i = 2, 3, ..., n.
si(λi+1) = λi + λi+1 for i = 2, 3, ..., n− 2
si+1(λi) = λi + λi+1 for i = 2, 3, ..., n− 2
s1(λ2) = 2λ1 − λ2 − 3λ3 − 4λ4 − ...− (n− 1)λn−1 +
n−2
2 (λn−1 − λn).
sn−2(λn) = λn−2 + λn
sn−1(λ1) = λ1 − λn−1
sn(λn−2) = λn−2 + λn
Recall that n is even. Then after a long set of computations, we get
• t1 = (a−1, a, b, a2, ba, a3, ba2, a4, ba3, a5, ..., ba
n−2
2
−2, a
n−2
2 , cx
n
2 , cx
n−2
2 )
• t2 = (1, a2,2, 1, 1, ..., 1, c, c)
• t3 = (1, 1, a3,3, 1, 1, ..., 1, c, c)
• t4 = (1, 1, 1, a4,4, 1, 1, ..., 1, c, c)
• t5 = (1, 1, 1, 1, a5,5, 1, 1, ..., 1, c, c)
• ...
• tn−3 = (1, 1, ..., 1, an−3,n−3, 1, c, c)
• tn−2 = (1, 1, 1, ..., 1, an−2,n−2, c, c)
• tn−1 = (1, 1, ..., 1, 1, an−1,n−1, c)
• tn = (1, 1, ..., 1, c, an,n)
such that c2 = 1, a3 = b2, and where x = a−1b. One concludes
Proposition 3.10. The Tits section is optimal in the case of the isogeny of type Dn corresponding to the
fundamental coweight ωn−1, with n even. Moreover, N◦(si)2 6= 1 ∀i = 1, 2, ..., n. Finally, one can compute
that for any section S, we have S(si) has order 4 for all i, so that there is only one class of sections.
3.4.4 Middle isogeny with fundamental coweight ωn
We consider the isogeny given by X∗(T ) = 〈Q∨, ωn〉 where Q∨ is the coroot lattice. As mentioned earlier,
we may assume here that n is even. Then, a basis for this cocharacter lattice X∗(T ) = 〈Q∨, ωn〉 is given by
λ1 = ωn, λ2 = α
∨
2 , ..., λn−1 = α
∨
n−1, λn = α
∨
n
Indeed (and we will need this calculation soon),
α∨1 = α1 = 2λ1 − 2λ2 − 3λ3 − 4λ4 − ...− (n− 1)λn−1 +
n
2
(λn−1 − λn).
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We record the following actions: si(λj) = λj ∀i, j except in the following cases:
si(λi) = −λi ∀i = 2, 3, ..., n.
si(λi+1) = λi + λi+1 for i = 2, 3, ..., n− 2
si+1(λi) = λi + λi+1 for i = 2, 3, ..., n− 2
s1(λ2) = α1 + α2 = 2λ1 − λ2 − 3λ3 − 4λ4 − ...− (n− 1)λn−1 +
n
2 (λn−1 − λn).
sn−2(λn) = λn−2 + λn
sn(λ1) = λ1 − λn
sn(λn−2) = λn−2 + λn
Recall that n is even. Then after a long set of computations, the braid relations give
• t1 = (a−1, a, b, a2, ba, a3, ba2, a4, ba3, a5, ..., ba
n−2
2
−2, a
n−2
2 , cx
n−2
2 , cx
n
2 )
• t2 = (1, a2,2, 1, 1, ..., 1, c, c)
• t3 = (1, 1, a3,3, 1, 1, ..., 1, c, c)
• t4 = (1, 1, 1, a4,4, 1, 1, ..., 1, c, c)
• ...
• tn−3 = (1, 1, ..., 1, an−3,n−3, 1, c, c)
• tn−2 = (1, 1, 1, ..., 1, an−2,n−2, c, c)
• tn−1 = (1, 1, ..., 1, 1, an−1,n−1, c)
• tn = (1, 1, ..., 1, c, an,n)
such that c2 = 1, a3 = b2, and where x = a−1b. One concludes that
Proposition 3.11. The Tits section is optimal. In fact, N◦(si)2 6= 1 ∀i. Moreover, one can compute that
for any section S satisfying the braid relations, we have S(si) has order 4 for all i, so there is only one class
of sections.
3.4.5 Adjoint type
We fix the standard set of fundamental coweights ω1, ω2, ..., ωn from [Bou02]. We record the following
actions: si(ωj) = ωj ∀i 6= j, s1(ω1) = ω2 − ω1, si(ωi) = ωi−1 + ωi+1 − ωi ∀i = 2, 3, ..., n − 3, sn−2(ωn−2) =
ωn−3 + ωn−1 + ωn − ωn−2, sn−1(ωn−1) = ωn−2 − ωn−1, sn(ωn) = ωn−2 − ωn.
Altogether, we get
• t1 = (a1,1, a1,2, 1, 1, ..., 1)
• t2 = (a
−1
2,2a
−1
2,3, a2,2, a2,3, 1, 1, ..., 1)
• t3 = (1, a
−1
3,3a
−1
3,4, a3,3, a3,4, 1, 1, ..., 1)
• t4 = (1, 1, a
−1
4,4a
−1
4,5, a4,4, a4,5, 1, 1, ..., 1)
• ...
• tn−3 = (1, 1, ..., 1, a
−1
n−3,n−3a
−1
n−3,n−2, an−3,n−3, an−3,n−2, 1)
• tn−2 = (1, 1, ..., 1, a
−1
n−2,n−2a
−1
n−2,n−1, an−2,n−2, an−2,n−1, an−2,n−1)
• tn−1 = (1, 1, ..., 1, an−1,n−2, an−1,n−1, an−2,n−2a2n−2,n−1)
• tn = (1, 1, ..., 1, an,n−2, an−2,n−2a2n−2,n−1, an,n)
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together with the conditions that
• a1,1a21,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = a
−1
n−1,n−1a
−2
n−1,n−2 = a
−1
n,na
−2
n,n−2
• (an−2,n−2a2n−2,n−1)
2 = 1
We conclude that
Proposition 3.12. Any section given by S(sαi) = tiσi where
a1,1a
2
1,2 = a2,2a
2
2,3 = a3,3a
2
3,4 = ... = an−2,n−2a
2
n−2,n−1 = an−1,n−1a
2
n−1,n−2 = an,na
2
n,n−2 = −1,
is an optimal section (in fact an embedding), whereas the Tits section is not. Moreover, N◦(si)2 6= 1 ∀i =
1, 2, ..., n. One computes that there are two classes of sections; the one represented by the optimal section,
and the one represented by the Tits section.
3.5 Type F4
We fix the standard set of roots α1 = e2 − e3, α2 = e3 − e4, α3 = e4, α4 =
1
2 (e1 − e2 − e3 − e4). We recall
that m(α1, α2) = 3,m(α1, α3) = 2,m(α1, α4) = 2,m(α2, α3) = 4,m(α2, α4) = 2,m(α3, α4) = 3. Note that
G is simply connected. Then the set of simple coroots form a basis for the cocharacter lattice. As usual, we
write an element of the maximal torus in terms of this basis. For example, the tuple (x1, x2, x3, x4) denotes
the element (e2 − e3)∨(x1)(e3 − e4)∨(x2)e∨4 (x3)(
1
2 (e1 − e2 − e3 − e4))
∨(x4).
A computation shows that the braid relations yields that
• t1 = (a, 1, 1, 1)
• t2 = (1, b, 1, 1)
• t3 = (1, 1, c, x)
• t4 = (1, 1, x, d)
such that x2 = 1. It is straightforward to see that
• (t1σ1)2 = (−1, 1, 1, 1).
• (t2σ2)
2 = (1,−1, 1, 1).
• (t3σ3)
2 = (1, 1,−x, x2).
• (t4σ4)
2 = (1, 1, x2,−x).
For example,
(t3σ3)
2 = t3sα3(t3)α
∨
3 (−1)
= (1, 1, c, x) · (1, 1, c−1x, x)(1, 1,−1, 1) = (1, 1,−x, x2).
In particular, if we set x = −1, then we obtain that (t3σ3)2 = (t4σ4)2 = 1. We have
Proposition 3.13. The optimal section in type F4 is given by S(sαi) = tiσi where x = −1. This section is
not an embedding, and the Tits section is not optimal. In fact, S(s1)2 6= 1,S(s2)2 6= 1,S(s3)2 = S(s4)2 = 1.
Moreover, N◦(si)2 6= 1 ∀i = 1, 2, 3, 4. One sees that there are only two classes of sections.
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3.6 Type G2
We fix the standard set of roots α1 = e1− e2, α2 = −2e1+ e2+ e3. We recall that m(α1, α2) = 6. Note that
G is simply connected. A computation shows that the m(α, β) = 6 equation yields that
• t1 = (a, b)
• t2 = (c, d)
such that c2 = 1 and b2 = 1. It is straightforward to see that (t1σ1)
2 = 1 if and only if b = −1, and
(t2σ2)
2 = 1 if and only if c = −1. Therefore,
Proposition 3.14. The section given by S(si) = tiσi with c = −1, b = −1 is optimal, in fact an embedding.
Moreover, the Tits section is not optimal in the case of G2, and in fact N◦(s1)2 6= 1,N◦(s2)2 6= 1. One
can see that there are four classes of sections corresponding to the choice of the lifts of s1, s2 being order 2
or order 4. We have that (t1σ1)
2 = 1 if and only if b = −1, and (t2σ2)2 = 1 if and only if c = −1. In
particular, the section which lifts s2 to an order 4 element and s1 to an order 2 element is given by b = −1
and c = 1 and the section which lifts s1 to an order 4 element and s2 to an order 2 element is given by b = 1
and c = −1.
3.7 Type E8
In type E8, we will write t1 = (a1, a2, ..., a8), t2 = (b1, b2, ..., b8), ..., t8 = (h1, h2, ..., h8), and similarly for
types E7,E6.
We fix the standard set of roots α1 =
1
2 (e1 + e8) −
1
2 (e2 + e3 + e4 + e5 + e6 + e7), α2 = e1 + e2, α3 =
e2− e1, α4 = e3− e2, α5 = e4− e3, α6 = e5− e4, α7 = e6− e5, α8 = e7− e6. Note that G is simply connected.
A lengthy computation shows that the m(α, β) = 2 equations yield that
t1 t2 t3 t4 t5 t6 t7 t8
a4 = a
2
2 b3 = b
2
1 c4 = c
2
2 d3 = d
2
1 e3 = e
2
1 f3 = f
2
1 g3 = g
2
1 h3 = h
2
1
a2a3a5 = a
2
4 b1b4 = b
2
3 c4c6 = c
2
5 d5d7 = d
2
6 e4 = e
2
2 f4 = f
2
2 g4 = g
2
2 h4 = h
2
2
a4a6 = a
2
5 b4b6 = b
2
5 c5c7 = c
2
6 d6d8 = d
2
7 e1e4 = e
2
3 f1f4 = f
2
3 g1g4 = g
2
3 h1h4 = h
2
3
a5a7 = a
2
6 b5b7 = b
2
6 c6c8 = c
2
7 d7 = d
2
8 e6e8 = e
2
7 f2f3f5 = f
2
4 g2g3g5 = g
2
4 h2h3h5 = h
2
4
a6a8 = a
2
7 b6b8 = b
2
7 c7 = c
2
8 e7 = e
2
8 f7 = f
2
8 g4g6 = g
2
5 h4h6 = h
2
5
a7 = a
2
8 b7 = b
2
8 h5h7 = h
2
6
The m(α, β) = 3 equations yield
a4 = c1a3, b3b5 = d2b4, c1c2c5 = d3c4, d2d3d6 = e4d5, f4f7 = f5e6, g5g8 = f7g6, h6 = h7g8
and
• ci = ai ∀i 6= 1, 3
• di = bi ∀i 6= 2, 4
• di = ci ∀i 6= 3, 4
• ei = di ∀i 6= 4, 5
• fi = ei ∀i 6= 5, 6
• gi = fi ∀i 6= 6, 7
• hi = gi ∀i 6= 7, 8
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The above conditions together imply that
• t1 = (a, 1, 1, 1, 1, 1, 1, 1)
• t2 = (1, b, 1, 1, 1, 1, 1, 1)
• t3 = (1, 1, c, 1, 1, 1, 1, 1)
• t4 = (1, 1, 1, d, 1, 1, 1, 1)
• t5 = (1, 1, 1, 1, e, 1, 1, 1)
• t6 = (1, 1, 1, 1, 1, f, 1, 1)
• t7 = (1, 1, 1, 1, 1, 1, g, 1)
• t8 = (1, 1, 1, 1, 1, 1, 1, h)
It is straightforward to see that (tiσi)
2 6= 1 for all i. In particular,
Proposition 3.15. The Tits section is optimal in the case of E8, and N◦(si)2 6= 1 ∀i = 1, 2, ..., 8. Moreover,
there is only one class of sections.
3.8 Type E7
3.8.1 Simply connected type
We fix the standard set of roots α1, α2, ..., α7 of E7, taken from the case E8. Suppose that G is simply
connected.
The m(α, β) = 2 equations yield
t1 t2 t3 t4 t5 t6 t7
a4 = a
2
2 b3 = b
2
1 c4 = c
2
2 d3 = d
2
1 e3 = e
2
1 f3 = f
2
1 g3 = g
2
1
a2a3a5 = a
2
4 b1b4 = b
2
3 c4c6 = c
2
5 d5d7 = d
2
6 e4 = e
2
2 f4 = f
2
2 g4 = g
2
2
a4a6 = a
2
5 b4b6 = b
2
5 c5c7 = c
2
6 d6 = d
2
7 e1e4 = e
2
3 f1f4 = f
2
3 g1g4 = g
2
3
a5a7 = a
2
6 b5b7 = b
2
6 c6 = c
2
7 e6 = e
2
7 f2f3f5 = f
2
4 g2g3g5 = g
2
4
a6 = a
2
7 b6 = b
2
7 g4g6 = g
2
5
The m(α, β) = 3 equations yield
a4 = c1a3, b3b5 = d2b4, c1c2c5 = d3c4, d2d3d6 = e4d5, f4f7 = f5e6, g5 = f7g6,
and
• ci = ai ∀i 6= 1, 3
• di = bi ∀i 6= 2, 4
• di = ci ∀i 6= 3, 4
• ei = di ∀i 6= 4, 5
• fi = ei ∀i 6= 5, 6
• gi = fi ∀i 6= 6, 7
The above conditions together imply that
• t1 = (a1, x, 1, 1, x, 1, x)
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• t2 = (1, b2, 1, 1, x, 1, x)
• t3 = (1, x, c3, 1, x, 1, x)
• t4 = (1, x, 1, d4, x, 1, x)
• t5 = (1, x, 1, 1, e5, 1, x)
• t6 = (1, x, 1, 1, x, f6, x)
• t7 = (1, x, 1, 1, x, 1, g7)
such that x2 = 1. It is straightforward to see that (tiσi)
2 6= 1 for every i = 1, 2, ..., 7.
Proposition 3.16. The Tits section is optimal in the case of simply connected E7, and N◦(si)2 6= 1 ∀i.
Moreover, there is only one class of sections.
3.8.2 Adjoint type
We fix the standard set of fundamental coweights ω1, ω2, ..., ω7 from [Bou02]. We record the following actions:
si(ωj) = ωj ∀i 6= j, s1(ω1) = ω3 − ω1, s2(ω2) = ω4 − ω2, s3(ω3) = ω1 + ω4 − ω3, s4(ω4) = ω2 + ω3 + ω5 −
ω4, s5(ω5) = ω4 + ω6 − ω5, s6(ω6) = ω5 + ω7 − ω6, s7(ω7) = ω6 − ω7.
The m(α, β) = 2 equations yield that all entries of the elements t1, t2, ..., t7 are equal to 1 except
a1, a3, b2, b4, c1, c3, c4, d2, d3, d4, d5, e4, e5, e6, f5, f6, f7, g6, g7.
The m(α, β) = 3 equations yield
c21a
2
3a1c3 = 1, a4 = c1c3c4, d
2
2b
2
4b2d4 = 1, b3 = d2d3d4, b5 = d2d4d5, d1 = c1c3c4, c2 = d2d3d4, d
2
3c
2
4d4c3 = 1,
c5 = d3d4d5, e2 = d2d4d5, e3 = d3d4d5, e
2
4d
2
5e5d4 = 1, d6 = e4e5e6, f4 = e4e5e6, f
2
5 e
2
6f6e5 = 1, e7 = f5f6f7,
g5 = f5f6f7, g
2
6f
2
7 g7f6 = 1,
and
• ci = ai ∀i 6= 1, 3, 4
• di = bi ∀i 6= 2, 3, 4, 5
• c6 = d6, c7 = d7
• e1 = d1, e7 = d7
• f1 = e1, f2 = e2, f3 = e3
• fi = gi ∀i 6= 5, 6, 7
The above conditions together imply that
• t1 = (a−2, 1, a, 1, 1, 1, 1)
• t2 = (1, b−2, 1, b, 1, 1, 1)
• t3 = (c, 1, c−2, c, 1, 1, 1)
• t4 = (1, d, d, d−2, d, 1, 1)
• t5 = (1, 1, 1, e, e−2, e, 1)
• t6 = (1, 1, 1, 1, f, f−2, f)
• t7 = (1, 1, 1, 1, 1, g, g−2)
with no conditions on a, b, c, d, e, f, g. It is straightforward to see that (tiσi)
2 6= 1 for all i.
Proposition 3.17. The Tits section is optimal in the case of adjoint E7, and N◦(si)
2 6= 1 ∀i. Moreover,
one computes that there is only one class of sections.
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3.9 Type E6
3.9.1 Simply Connected Type
We fix the standard set of roots α1, α2, ..., α6 of E6, taken from the case E8. Suppose that G is simply
connected.
The m(α, β) = 2 equations yield that
t1 t2 t3 t4 t5 t6
a4 = a
2
2 b3 = b
2
1 c4 = c
2
2 d3 = d
2
1 e3 = e
2
1 f3 = f
2
1
a2a3a5 = a
2
4 b1b4 = b
2
3 c4c6 = c
2
5 d5 = d
2
6 e4 = e
2
2 f4 = f
2
2
a4a6 = a
2
5 b4b6 = b
2
5 c5 = c
2
6 e1e4 = e
2
3 f1f4 = f
2
3
a5 = a
2
6 b5 = b
2
6 f2f3f5 = f
2
4
The m(α, β) = 3 equations yield that
a4 = c1a3, b3b5 = d2b4, c1c2c5 = d3c4, d2d3d6 = e4d5, f4 = f5e6,
and
• ci = ai ∀i 6= 1, 3
• di = bi ∀i 6= 2, 4
• di = ci ∀i 6= 3, 4
• ei = di ∀i 6= 4, 5
• fi = ei ∀i 6= 5, 6
The above conditions together imply that
• t1 = (a1, 1, y, 1, y2, y)
• t2 = (y2, b2, y, 1, y2, y)
• t3 = (y2, 1, c3, 1, y2, y)
• t4 = (y2, 1, y, d4, y2, y)
• t5 = (y2, 1, y, 1, e5, y)
• t6 = (y2, 1, y, 1, y2, f6)
such that y3 = 1. It is straightforward to see that (tiσi)
2 6= 1 for every i = 1, 2, ..., 6. We compute, for
example, that
(t1σ1)
2 = (−y, 1, y2, 1, y, y2).
We can conclude
Proposition 3.18. The Tits section is optimal in the case of simply connected E6, and N◦(si)2 6= 1 ∀i.
There is one other class of sections, given by y is a non-trivial cube root of unity, which satisfies that the
lifts of all si have order 12.
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3.9.2 Adjoint Type
We fix the standard set of fundamental coweights ω1, ω2, ..., ω6 from [Bou02]. We record the following actions:
si(ωj) = ωj ∀i 6= j, s1(ω1) = ω3 − ω1, s2(ω2) = ω4 − ω2, s3(ω3) = ω1 + ω4 − ω3, s4(ω4) = ω2 + ω3 + ω5 −
ω4, s5(ω5) = ω4 + ω6 − ω5, s6(ω6) = ω5 − ω6.
The m(α, β) = 2 equations yield that all entries of the elements t1, t2, ..., t6 are equal to 1 except
a1, a3, b2, b4, c1, c3, c4, d2, d3, d4, d5, e4, e5, e6, f5, f6.
The m(α, β) = 3 equations yield
c21a
2
3a1c3 = 1, a4 = c1c3c4, d
2
2b
2
4b2d4 = 1, b3 = d2d3d4, b5 = d2d4d5, d1 = c1c3c4, c2 = d2d3d4, d
2
3c
2
4d4c3 = 1,
c5 = d3d4d5, e2 = d2d4d5, e3 = d3d4d5, e
2
4d
2
5e5d4 = 1, d6 = e4e5e6, f4 = e4e5e6, f
2
5 e
2
6f6e5 = 1,
and
• ci = ai ∀i 6= 1, 3, 4
• di = bi ∀i 6= 2, 3, 4, 5
• c6 = d6
• e1 = d1
• f1 = e1, f2 = e2, f3 = e3
One can check that all of these conditions amount to
• t1 = (a−2, 1, a, 1, 1, 1)
• t2 = (1, b−2, 1, b, 1, 1)
• t3 = (c, 1, c
−2, c, 1, 1)
• t4 = (1, d, d, d
−2, d, 1)
• t5 = (1, 1, 1, e, e
−2, e)
• t6 = (1, 1, 1, 1, f, f−2)
It is straightforward to see that (tiσi)
2 6= 1 for every i = 1, 2, ..., 6.
Proposition 3.19. The Tits section is optimal in the case of adjoint E6, and N◦(si)2 6= 1 ∀i = 1, 2, ..., 6.
There is only one class of sections.
4 Application: splitting the Kottwitz homomorphism
Set W ext = NG(T )/T◦, where T◦ is the maximal bounded subgroup of a maximal torus T in G. The group
W ext is the extended affine Weyl group, and we note that we have a semidirect product decomposition
W ext = X∗(T ) ⋊ W , where X∗(T ) is the cocharacter lattice of T . We also set Ω = W
ext/W aff , where
W aff = Q∨ ⋊ W is the affine Weyl group and Q∨ is the coroot lattice. We therefore have a canonical
projection NG(T )։ Ω. This projection is the Kottwitz homomorphism.
It is known (see [IM65, Proposition 1.18] or [Adr18, Proposition 3.1]) that the elements of Ω may be
represented by a collection of elements {1, ǫi⋊wi} ⊂ X∗(T )⋊W , where ǫi are certain fundamental coweights.
In [Adr18], we considered the map
ι : Ω→ NG(T )
(ǫi, wi) 7→ ǫi(̟
−1)N◦(wi),
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where ̟ is a uniformizer in F . The map ι is a section of the projection NG(T )։ Ω, and it turned out that ι
is a homomorphism in all cases except the adjoint group of type Dn where n is odd, and some type An cases.
Nonetheless, we were still able to use ι to construct a homomorphic section of the Kottwitz homomorphism,
for all almost-simple p-adic groups (see [Adr18, Theorem 3.5]).
The question about finding a homomorphic section boiled down to finding a homomorphic lift of the
subgroup J of W generated by the wi. We attempted to show that Tits’ section N◦ achieved this goal, but
N◦ turns out to not lift J in adjoint type Dn with n odd, and some cases of type An. Here, we will show
that if S is an optimal section, then S lifts J .
We now recall a result about the map N◦ from [Ros16].
Definition 4.1. For u, v ∈W , we define
F(u, v) = {α ∈ Π | v(α) ∈ −Π, u(v(α)) ∈ Π}.
The following proposition describes the failure of N◦ to be a homomorphism (this proposition can also
be found in [LS87]).
Proposition 4.2. [Ros16, Proposition 3.1.2] For u, v ∈W ,
N◦(u) · N◦(v) = N◦(u · v) ·
∏
α∈F(u,v)
α∨(−1).
We now give a formula for computing powers of Tits’ lifts.
Definition 4.3. For w ∈W, i ∈ N, we define
Fw(i) = {α ∈ Π | w
i(α) ∈ −Π, wi+1(α) ∈ Π}.
Proposition 4.4. If w ∈ W and n ∈ N, then
N◦(w)
n = N◦(w
n) ·
n−1∏
m=1
∏
α∈Fw(m)
α∨(−1).
Proof. By Proposition 4.2, N◦(w)2 = N◦(w2) ·
∏
α∈Fw(1)
α∨(−1). Multiplying by N◦(w) on the left and using
Proposition 4.2 again, we get N◦(w)3 = N◦(w3) ·
∏
α∈Fw(2)
α∨(−1) ·
∏
α∈Fw(1)
α∨(−1). Continuing in this way,
the claim follows.
We proceed to show that an optimal section ofW lifts J . First, in adjoint types E6,E7, and the isogenies
of type Dn given by the fundamental coweights ωn, ωn−1, (n even), we have shown in §3.4, §3.9, §3.8 that
the Tits section is optimal. Moreover, we have shown in [Adr18] that the Tits section lifts J . So we do not
need to consider these cases.
It remains to check that the optimal section S lifts J in the cases of non-simply connected type An,
adjoint types Bn,Cn,Dn, and the isogeny of Dn corresponding to the fundamental coweight ω1.
We note that in the cases of non-simply connected non-adjoint type An with n + 1 = ab and a is odd,
as well as the cases of adjoint type An, adjoint type Bn, the isogeny of type Dn corresponding to the
fundamental coweight ω1, and adjoint type Dn, we have shown that the optimal section is a homomorphism,
so that these cases also need not be considered.
In type An with n + 1 = ab and a even, we have also shown in §3.1 that the Tits section is optimal.
However, in [Adr18], we did not show that N◦ lifts J (as we were able to prove the result that we needed in
loc. cit. in a slightly different way), so we must consider this case below.
So it remains to check that an optimal section, which we denote S, lifts J in the cases of non-simply
connected non-adjoint type An with n + 1 = ab and a even, and adjoint type Cn. We note that the Tits
section in adjoint type Cn is not optimal, as shown in §3.3.
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4.1 Remaining A
n
types
We now consider the group of type An, non-simply connected, non-adjoint, n + 1 = ab with a even. We
must check that if w generates J , that S(w)r = S(wr) for all r. But as we showed in §3.1.2, if a is even,
then the Tits section is optimal, so we may set S = N◦.
Proposition 4.5. If w generates J , then N◦(w)r = N◦(wr) ∀r ∈ N.
Proof. The generator w of J is the ath power of the n-cycle (1 2 3 · · · n). Denote this ath power by wa.
We need to show that N◦(wa)r = N◦(wra) ∀r ∈ N. By Proposition 4.4, it is equivalent to show that
r−1∏
i=1
∏
α∈Fwa(i)
α∨(−1) = 1
where Fwa(i) = {α ∈ Π | w
i
a(α) ∈ −Π, w
i+1
a (α) ∈ Π}. But a computation shows that
∑
α∈Fwa (i)
α∨ = ai(en−a(i+1)+1 + en−a(i+1)+2 + · · · en−ai)− a(en−ai+1 + en−ai+2 + · · ·+ en).
Notice that the coefficients of every e term is even, since a is even. Summing now from i = 1 to i = r − 1,
we obtain a summation of e terms, each of whose coefficient is even. In particular, this sum is twice a
cocharacter, so it’s evaluation on −1 is trivial, giving us the result that we seek.
4.2 Adjoint type C
n
Consider the case of adjoint type Cn, let S be any optimal section as in §3.3, and recall that ω1, ..., ωn denote
the fundamental coweights of type Cn as in [Bou02]. In particular S(sα)2 = 1 for all simple roots α unless
α = 2en, in which case a computation shows that S(s2en )
2 = α∨n(−1) = ωn−1(−1). We have that J is of
order 2 and is generated by the Weyl element wΠnwΠ (see [IM65, Proposition 1.18]). Here, wΠn is the long
element (from the Weyl group of type An−1) obtained from removing the node αn from the Dynkin diagram
of Cn, and wΠ is the long element from type Cn. In other words,
wΠn = s1s2s1s3s2s1s4s3s2s1 · · · sn−1sn−2 · · · s2s1 and wΠ = (s1s2 · · · sn)
n.
Proposition 4.6. Let w = wΠnwΠ. Then S(w)
2 = 1.
Proof. Let us write S(si) = ri. To compute S(w), we must first write w as a reduced expression (see
Proposition 2.3). One may compute that
w = wΠlwΠ = s1s2s1s3s2s1s4s3s2s1 · · · sn−1sn−2 · · · s2s1(s1s2 · · · sn)
n
= snsn−1snsn−2sn−1snsn−3sn−2sn−1sn · · · s1s2s3 · · · sn.
and this last expression is a reduced expression for w. Applying S to this reduced expression and then
squaring the result, we get
rnrn−1rnrn−2rn−1rnrn−3rn−2rn−1rn · · · r1r2r3 · · · rnrnrn−1rnrn−2rn−1rnrn−3rn−2rn−1rn · · · r1r2r3 · · · rn
Because of the braid relations, we may rewrite the above product as
rnrn−1rnrn−2rn−1rnrn−3rn−2rn−1rn · · · r1r2r3 · · · rnrnrn−1 · · · r1rnrn−1 · · · r2rnrn−1 · · · r3 · · · rnrn−1rn.
We now compute that
r1r2r3 · · · rn−1rnrnrn−1 · · · r1 = r1r2r3 · · · rn−1ωn−1(−1)rn−1rn−2 · · · r1
= r1r2 · · · rn−2ωn−2(−1)ωn−1(−1)rn−2rn−3 · · · r1
= r1r2 · · · rn−3ωn−3(−1)ωn−2(−1)rn−3rn−4 · · · r1
= ...
= ω1(−1),
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and one may conclude, using the braid relations, that
S(w)2 = ω1(−1)rnrn−1rnrn−2rn−1rnrn−3rn−2rn−1rn · · · r2r3 · · · rnrnrn−1 · · · r2rnrn−1 · · · r3 · · · rnrn−1rn
Similarly,
r2r3 · · · rnrnrn−1 · · · r2 = ω1(−1)ω2(−1),
giving us
S(w)2 = ω1(−1)ω1(−1)ω2(−1)rnrn−1rnrn−2rn−1rnrn−3rn−2rn−1rn · · · r3 · · · rnrnrn−1 · · · r3rnrn−1 · · · r3 · · · rnrn−1rn
Similarly,
r3r4 · · · rnrnrn−1 · · · r3 = ω2(−1)ω3(−1)
r4r5 · · · rnrnrn−1 · · · r4 = ω3(−1)ω4(−1)
and so on. In the end, we obtain S(w)2 = 1, using the fact that r2n = ωn−1(−1).
We now state the main result.
Theorem 4.7. Let G be a split, almost-simple, connected reductive p-adic group, and S an optimal section.
The map (ǫi, wi) 7→ ǫi(̟−1)S(wi) is a homomorphic section of the Kottwitz homomorphism κG : G(F )→ Ω.
5 Summary of results
In this section, we present a table which exhibits all classes of sections of the Weyl group. We assume in this
section that n ≥ 6. For each type, we list the number of classes of sections, the possibilities for these classes
of sections in terms of what the orders of the lifts of simple reflections are, and then we recall Tits’ section
as a comparison. We remind the reader that to each section, we associate a labeled Dynkin diagram.
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Type number of classes of sections classes of sections Tits′ section
An simply connected, n odd ∞
4j 4j 4j 4j 4 4 4 4
j ≥ 1
An simply connected, n even ∞
2j 2j 2j 2j 4 4 4 4
j ≥ 1
An, with 1 < a := #Z(G) < n+ 1, a even ∞
4j 4j 4j 4j 4 4 4 4
j ≥ 1
An, with 1 < a := #Z(G) < n+ 1, a odd ∞
2j 2j 2j 2j 4 4 4 4
j ≥ 1
An adjoint ∞
2j 2j 2j 2j 4 4 4 4
j ≥ 1
Bn simply connected, n even 2 4 4 4 4 2 4 4 4 4 4
4 4 4 4 4
Bn simply connected, n odd 1 4 4 4 4 4 4 4 4 4 4
Bn adjoint 2 2 2 2 2 2 4 4 4 4 2
4 4 4 4 2
Cn simply connected 2 2 2 2 2 4 4 4 4 4 4
4 4 4 4 4
Cn adjoint 2 2 2 2 2 4 4 4 4 4 4
4 4 4 4 4
Dn simply connected 1
4 4
4
4
4 4 4
4
4
4
Dn, fundamental coweight ω1 2
2 2
2
2
2 4 4
4
4
4
4 4
4
4
4
Dn, n even, fundamental coweight ωn−1 1
4 4
4
4
4 4 4
4
4
4
Dn, n even, fundamental coweight ωn 1
4 4
4
4
4 4 4
4
4
4
Dn adjoint 2
2 2
2
2
2 4 4
4
4
4
4 4
4
4
4
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Type number of sections sections Tits′ section
F4 2 4 4 2 2 4 4 4 4
4 4 4 4
G2 4 2 2 4 4
2 4
4 2
4 4
E8 1 4
4
4 4 4 4 4 4 4
4
4 4 4 4 4 4
E7 simply connected 1 4
4
4 4 4 4 4 4
4
4 4 4 4 4
E7 adjoint 1 4
4
4 4 4 4 4 4
4
4 4 4 4 4
E6 simply connected 2 4
4
4 4 4 4 4
4
4 4 4 4
12
12
12 12 12 12
E6 adjoint 1 4
4
4 4 4 4 4
4
4 4 4 4
6 Low rank groups
In the previous section, we restricted ourselves to n ≥ 6 for types A through D. In this section, we fill in
the details for the low rank groups. The types A through D results in §5 hold for many instances of n ≤ 5,
but not all. Below we provide the details on the exceptions. To be clear, since B4 adjoint does not appear
in the table below, it is then the case that the classification of its sections is the same as in Bn with n ≥ 6;
there are two sections, the orders on the long roots can all be 2 or all be 4, and the order on the short root
must be 2.
We note also that for all of the low rank groups for types A through D, we will not explicitly write down
the torus elements ti as we did in §3. One can explicitly compute these by hand rather easily.
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Type number of sections sections Tits′ section
A1 simply connected 1 4 4
A1 adjoint 1 2 2
D3 simply connected ∞
4j 4j 4j 4 4 4
j ≥ 1
D3 adjoint ∞
2j 2j 2j 4 4 4
j ≥ 1
D3 fundamental coweight ω1 ∞
2j 2j 2j 4 4 4
j ≥ 1
D4, fundamental coweight ω4 2
2
2
2
2 4
4
4
4
4
4
4
4
D4, fundamental coweight ω3 2
2
2
2
2 4
4
4
4
4
4
4
4
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